′ fand on the occasion of his 80 th birthday.
Introduction
In a seminal paper [1] physicists solved a problem in enumerative geometry, namely to count 1 the "number" n d of rational curves 2 of arbitrary degree d on the quintic threefold X in IP 4 . The answer was given in terms of the large volume expansion of the correlation function, called Yukawa coupling by physicists, between three states O J of the twisted N = 2 topological σ-model on Q, which has the formal expansion [1] [2][3]
Here q = e 2πit and the modulus t parametrizes the complexified Kähler class of X, i.e.
(Im(t)) 3 ∝ volume of X and Re(t) parametrizes an antisymmetric tensor field, which is the component of a harmonic (1, 1)-form on X [4] . The correlation function (1.1), is sometimes referred to as an intersection of the quantum (co)homology of X. In the large volume limit the contribution of the instantons is damped out and (1.1) approaches the classical self intersection number between the cycle dual to the Kähler form J.
It is a remarkable fact, that this counting function (1.1) is expressible in a closed
form in terms of solutions of a generalized hypergeometric system. This has been used in [5] [6] [7] to predict the number of rational curves on various Calabi-Yau spaces.
In the section 2 of this exposition we review the physical reasoning, which explains that fact and give, as a generalization, closed formulas for the counting functions on nonsingular complete intersection Calabi-Yau spaces in products of weighted projective spaces.
An important step in these calculations is the definition of the mirror map. We discuss therefore in section 3 and 4 the differential equation which governs the mirror map. As we will see in section 2 the most important quantity is the prepotential, from which the the correlation function (1.1) and the Weil-Peterson metric for the complex moduli space, can be derived. We will obtain in section 5 a differential equation for the prepotential.
where Ω is the unique no-where vanishing holomorphic threeform on X * and b α J * ∈ H 1 (X, T X) ∼ = H 2,1 (X). In fact the expansion (1.1) and hence the successful prediction of rational curves on the quintic X was obtained in [1] by calculating the correlation function (2.1) on the mirror X * using classical methods of the theory of complex structure deformation. The integral on the right-hand side of (2.1), introduced in [9] depends only, via Ω, on the choice of the complex structure modulus on X * but not on the choice of complexified
Kähler moduli on X * , while (1.1) depends only on the complexified Kähler modulus on X, but not on the complex structure moduli of X. Due to mirror symmetry we should be able to identify the complex structure modulus space of X * with the complexified Kähler structure modulus space of X. Hence after calculating the dependence of (2.1) on the complex structure modulus of X * using the Picard-Fuchs equation, the decisive steps are to find the point of expansion in this modulus space of X * , which corresponds to the large volume limit of X, and to determine the map from the complex structure modulus of X * in (2.1) to the Kähler structure modulus t of X in (1.1). This map (or its inverse) will be called the mirror map. 
Here (2.1) depends on the one-dimensional complex structure deformation of X * , which can be studied by considering the deformations of the quintic X, but restricted to the unique Z Z 3 5 -invariant element x 1 x 2 x 3 x 4 x 5 in its local ring.
The Picard-Fuchs ODE can therefore be derived by the Dwork-Griffith-Katz reduction method from the standard residuum expression of the period [10] for N = 5
where γ is a small cycle in IP N−1 , Γ i ∈ H N−2 (M ) and the measure is
Instead of using this generic alogarithm, let us consider of the symmetries of (2.2) directly.
with λ, λ i ∈ C * . Writing (2.3), (2.4) in infinetessimal form we obtain the differential
This system of differential equation (2.5)-(2.7) is precisely the type of generalized hypergeometric system, which was investigated by Gel'fand, Kapranov and Zelevinskii in [11] with the characters defined by The eqns. (2.5),(2.6) are satisfied identically by the ansatẑ
By using the new coordinate for the complex structure modulus
the eqn. (2.7) can be brought in the following convenient form 12) where
. The generalized hypergeometric system defined by (2.8) and β is proven to be holonomic [11] and a formal powerseries expansion and (Euler) integral representations were likewise given. For the quintic (N = 5) the system has 5 solutions, but it is semiresonant, which implies that the monodromy on the full solutions space is reducible. On the other hand the monodromy for the 4 periods on Q * is known to be irreducible. The unique subsystem of the solutions of (2.12) on which the monodromy acts irreducible is given by the 4 solutions to The complex structure moduli space of a Calabi-Yau threefold exhibits special geometry, as it was explained in [12] using crucially the results of [13] . This structure is charaterized by the existence of a sectionF of a holomorphic line bundle over the complex moduli space, which is a prepotential for structure contant(s) (2.1) and the Kähler potential K of the Weil-Peterson metric. There exists a special coordinate choice, given by a ratio of periodst =ω 1 (z)/ω 0 (z) in which these relations read
These coordinates can equivalently be characterized by the property that the period vector is expressible in terms of the prepotential as
and vice versaF
It has been argued [1] [12]that the moduli space of the complexified Kähler structure of the the N = 2 topological σ-model exhibits also special geometry with (1.1) as structure constant(s) and that t is the special coordinate (especially for the last point see also [14] ).
Because of the analog of (2.14) for the Kähler structure modulus the prepotential F (t) is determined by K JJJ up to a quadratic polynomial in t:
To identify t witht and F (t) withF (t), we must find in the complex structure moduli space of X * the special point z 1 , which corresponds to the large volume limit Im(t) → ∞ of X.
This can be done in the following heuristic way. First note the invariance of (1.1) under the shift symmetry t → t + 1. In fact more generally, shifting the parameter of the antisymmetric background Re(t) by an integer is a symmetry of the σ-model in the large volume region [3] [4] . We require that the transformation of the "period" (1, t, ∂ t F, 2F − t∂ t F ) under that symmetry should correspond to a monodromy operation on Π(z) under counterclockwise analytic continuation around z 1 . That is, we search a point z = z 1 in the complex modulus space with the specific monodromy action:
which is unipotent of order 4. The importance of this monodromy requirement was pointed out in [15] . It is easy to see that among the three regular singular points z = 0, 1/5 5 , ∞ of the ODE (2.13) with N = 5, the point that admits such a monodromy is z = 0, where the indicial equation is four-fold degenerate. Around this point, there is one powerseries solution given by
where the coefficients c(ρ, n) can be expressed in terms of gamma-functions from the l in
The other solutions can be obtained by the well-known Frobenius method (see e.g. [16] ):
Their monodromy is dictated by the terms linear, quadratic und cubic in log(z). By comparing the monodromy of these solutions with (2.18) we conclude that the mirror map is given by
Also from the monodromy requirement and using the special geometry relations (2.14) we get, indepentently of a, b, c, a unique expansion of (1.1) completely expressed in terms of special solutions to the GKZ system :
where we denote (the inverse of) the mirror map (2.22) by z(t).
Let us finish this section with the generalization of the result (2.23) to nonsingular complete intersection Calabi-Yau spaces in products of k weighted projective spaces and give closed formulas for the large radius expansions of the triple intersection (
where J i is the Kähler class induced from the ith weighted projective space. From these expansions one can read off the numbers of rational curves of any multidegree spaces, with respect to the Kähler classes induced from the projective spaces. These results were obtained in [7] .
We consider in the following complete intersections of l hypersurfaces in products of k projective spaces. Since most formulas allow for an incorporation of weights we will state them for the general case. Denote by d
The residuum expression for the periods [10] , with k perturbations satisfies again a GKZ-system, where the lattice of relations L is
The point 4 z = 0 is again a point of maximal unipotent monodromy, and the unique powerseries solution is given
, with c(n, ρ)
Again the system is semi resonant and the monomdromy of (2.25) is reducible. Therefore one has to specify the subset of solutions, which correspond to the 2(k + 2) period integrals on X * . This problem was solved in [7] by factorizing the differential operators and the following convenient basis for the period vector was found:
(2.27) 4 Here and in the following we denote by z, n and ρ the k-tuples z 1 . . . z k , n 1 , . . . , n k and ρ 1 , . . . , ρ k . We use obvious abbreviations such as ):
By a straightforward generalization of the monodromy requirement one finds the generalization of (2.22)
The following explicit expansions for the correlation function (1.1), which generalize (2.23)
can be read off from the period vector (2.27), after normalizing by 1/w 0 (z) and transforming the period vector by the inverse of (2.29) to the t variables. The prepotential was also given in [7] as For example, consider the Calabi-Yau manifolds defined by The invariants for bidegree less then three coincide with the ones calculated by classical methods in [17] .
In the remaining sections we want to investigate both the mirror map z(t) and the prepotential F (t). An important question is: are there any natural differential equations which govern z and F ? The answer to this questions is affirmative as we shall see.
Differential Equation for the Mirror Map by Examples
We will discuss in three examples in dimensions 1,2 and 3 respectively, the differential equation which governs the mirror map. We will state some general properties of the equation. Our original motivation for studying this equation was to understand the observations made experimentally on the mirror map and the Yukawa couplings.
Periods of Elliptic Curves
As a warm-up, we will first consider the most elementary example of Mirror Symmetry -for complex curves [18] [19] . This will be a brief exposition of some well-known classical construction -but in the context of Mirror Symmetry.
Consider the following one-parameter family of cubic curves in IP 2 :
We may transform X s by a P GL(3, C) transformation to an elliptic curve in the Weierstrass form:
where g 2 = 3s(8 + s 3 )
We would like to consider the variation of the period of the holomorphic 1-form dx y along a homology cycle Γ:
It can be shown that as a function of s, ω Γ satisfies the second order ODE:
where
where ∆ = g 
Thus the period ω Γ is a linear combination of two standard hypergeometric functions.
We now do the following change of coordinates s → J = , and write ω Γ as
Then our equation (3.5) becomes
This equation has the following universal property: it is derived without the use of the explicit form of g 2 , g 3 above, despite the fact that we begun with a particular realization (as a cubic in IP 2 ) of an elliptic curve. This means that if we have started from any other model for an elliptic curve, we will have arrived at the same equation (3.8), ie. this is the universal form of the Picard-Fuchs equation for the periods of the elliptic curves. Note also that under the above transformation, the ratio t of two periods ω Γ , ω Γ ′ (which are two hypergeometric functions) remains the same.
We can now ask for a differential equation which governs the function t(J) (which is a Schwarzian triangular function). This is the well-known Schwarzian equation:
Here {z, x} denotes the Schwarzian derivative
. Note that in this equation, by inverting t(J) we may regard J(t) as the dependent variable. Recall that the inverse function for the period ratio is precisely the mirror map. Thus J(t) is our mirror map in this case and (3.9)is our differential equation which governs it. With a suitable choice of the period ratio t, J(t) admits, up to overall constant, an integral q-series (q = exp(2πit)) 
Here the differential operators are specified by factorizing the obvious differential operators from the general expression (2.25). By the expression for the J(z)-function, which were obtained by transfoming the contraints into the Weierstrass form, they can be brought in the form (3.8). The mirror map is related to the solutions of the GKZ system, by the formulas (2.19)-(2.22) using the generators of the lattice l given by (2.24). Concretely this yields, by inversion of (2.22), the following expansion for the functions z(q)
The remarkable fact is that this expansions are already integer. Inserting them into the expressions for the J(z) functions yields of course the expansion (3.10).
The above construction (ie. the periods, the Picard-Fuchs equation and the Schwarzian equation for the elliptic curves) is of course classical. We will now give a similar construction for K3 surfaces (using quartics in IP 3 ) and for the quintics in IP 4 . At the end, we will have a Schwarzian equation which governs the period ratio (hence the Mirror map) in each of the cases. To our knowledge, this equation is new. Actually, we also have a similar construction for any Calabi-Yau complete intersection in a toric variety.
But for the purpose of exposition, we must restrict ourselves to the above simple examples.
Details for the general cases will be given in our forth-coming papers [20] .
Periods of K3 surfaces
We consider the following one-parameter family of quartic hypersurfaces in IP 3 :
The period of a holomorphic 2-form along a homology 2-cycle Γ i in X s is given by (2. 
This is obtained from (2.13) by a suitable change of dependent variable ω Γ → f . Then for the quartic model of K3 surfaces above, the Schwarzian equation is the following fifth order ODE:
(3.14)
where {z, t} 3 := − 8 T , with a, b, c, d ∈ C. Then ∇ above is a covariant derivative on this tensor. The eqn (3.14)has a solution given by the mirror map: fractional transformation the differential equation (3.14) exhibits also invariances under nonlinear transformations, which were used in [20] to fix the numerical coefficients in (3.14)(3.16) uniquely. Once again we have observed experimentally that the q-series expansion of the mirror map z which satisfies (3.14)is in fact integral. In the case of elliptic curves (using the Weierstrass model), we have seen that the mirror map is given by the J function which is well-known to have an integral expansion. It would be interesting to establish a similar statement for z(q) in the case of K3.
Periods of Quintic Threefolds
The periods of the quintic hypersurface in IP 4 were studied in the last section. Special geometry introduces the prepotential F as the new object of interest. The Weil-Peterson metric on the complex structure moduli space of mirror of the quintic X * is described by F . Moreover the mirror hypothesis asserts that there is a special coordinate transformation given by a ratio of periods t = ω 1 (z)/ω 0 (z), in which ∂ 3 t F (t) gives the generating function for the number of rational curves in a generic quintic. It is therefore important to understand both the mirror map z and the prepotential F . Thus a relevant question is:
are there natural differential equations which govern z and F ?
For the mirror map z, there is a natural generalization of the Schwarzian equations (3.9)(3.14). Specifically, we claim that the mirror map z(t) defined above satisfies the following seventh order ODE (see next section):
where {z,
As in the cases of K3 surfaces and elliptic curves, this Schwarzian equation is also manifestly SL(2,C) invariant. In the case of the quintic hypersurface, the mirror map which satisfies this equation has the q-expansion:
For the prepotential F , we have also derived a similar (seventh order) but considerably more complicated polynomial differential equation. We will discuss this in the last section.
Construction of the Schwarzian equations
We now give an exposition for the construction of the differential equation which governs our mirror map z(t) in each case.
Note that in each case we begin with an n th order ODE of Fuchsian type:
(n being 2,3 and 4 respectively for the elliptic curves, K3 surfaces and Calabi-Yau 3-folds.)
In particular, the q i (z) are rational functions of z. Let f 1 , f 2 be two linearly independent solutions of this equation and consider the ratio t := f 2 (z)/f 1 (z). Inverting this relation (at least locally), we obtain z as a function of t. Our goal is to derive an ODE, in a canonical way, for z(t).
We first perform a change of coordinates z → t on (4.1) and obtain:
where the b i (t) are rational expressions of the derivatives z (k) (including z(t)). For example we have b n (t) = a n (z(t))z ′ (t) −n . It is convenient to simplify the equation by writing (gauge
nb n (t) ), and multiplying (4.2) by
where c i is now a rational expression of z(t), z ′ (t), .., z (n−i+1) for i = 0, .., n − 2. Now g 1 := f 1 /A and g 2 := f 2 /A = tg 1 are both solution to the equation (4.3). In particular we have
Note that since c i is a rational expression of z(t), z ′ (t), .., z (n−i+1) , it follows that P involves z(t), .., z (n+1) while Q involves only z(t), .., z (n) . Eqns (4.4) may be viewed as a coupled system of differential equations for g 1 (t), z(t). Our goal is to eliminate g 1 (t) so that we obtain an equation for just z(t). One way to construct this is as follows. By (4.4), we have
(4.5)
We now view (4.5) as a homogeneous linear system of equations: 6) where each (M kl ) is the following (2n − 1) × (2n − 1) matrix:
More precisely if we define the 1 st and n th (n fixed) row vectors to be (M 1l ) = (c 0 , c 1 , .., c n−2 , 0, 1, 0, .., 0) and (M nl ) = (c 1 , 2c 2 , .., (n − 2)c n−2 , 0, n, 0, .., 0) respectively, then the matrix (M kl ) is given by the recursion relation:
Thus the (M kl ) depends rationally on z(t), .., z (2n−1) (t). Since g 1 is nonzero, it follows that
This is what we call the Schwarzian equation associated with (4.1). Note that by suitably clearing denominators, this becomes a (2n − 1) st order polynomial ODE for z(t) with constant coefficients. It is clear that this equation depends only on the data q i (z) we began with. In the case in which all the q i are identically zero, we call the determinant in (4.9) the n th Schwarzian bracket {z(t), t} n .
Despite having a general form of the Schwarzian equation, it is useful to see a few simple examples. As the first example, consider the case n = 2:
The eqns (4.4) become
The corresponding linear system (4.6) has:
Hence the associated Schwarzian equation (4.9) in this case is det(M kl ) = 4c 0 = 2 2q 0 z ′ 2 − {z, t} 2 = 0 (4.14)
which is the well-known classical Schwarzian equation.
For n = 3, we begin with the data
The transformed equation (4.3) in this case becomes
Computing the associated Schwarzian equation, we get
Substituting (4.17) into (4.19), we get the explicit form (3.14). Now let's consider the case n = 4 which begins with
the minimal degrees. Unfortunately, no similar general characterization is known in the case of differential polynomials (see however [21] ). However in the cases we consider, we can formulate our problem of constructing an ODE for the Yukawa coupling in a similar spirit. We can also construct the analogues of the p(y), q(z) above.
We begin with (4.21)and (4.22). By applying (4.21)to the four solutions of the form u(t), u(t)t, u(t)F ′ (t), u(t)(2F (t)−tF ′ (t)) (cf. eqn (2.15)), we get a system of four equations which is equivalent to: it is the derivative of the third one. Thus the above system reduces to just
where A 2 (z; t), A 4 (z; t), B 2 (y; t), B 4 (y; t) are differential rational functions defined by
3)
The system (5.2) depends only on the two rational functions q 2 (z), q 0 (z) via A 2 , A 4 , whereas B 2 , B 4 are independent of such data. Observe that if we assign a weight 0 to z, y and weight 1 to (v) The polynomial ODE P (B 2 (y; t), B 4 (y; t)) = 0 is SL(2, C) invariant.
We have observed in all the known examples that P is in fact characterized by the above properties, ie. P satisfying (i)-(v) is unique up to constant multiple. We conjecture that this is the case in general. Note that P depends on the data (q 0 (z), q 2 (z)) precisely via property (ii). The polynomial ODE P (B 2 (y; t), B 4 (y; t)) = 0 should be regarded as the differential analogue of p(y) = 0 considered above. In this analogy, the group SL(2, C)
plays the role for the differential polynomial P (B 2 (y; t), B 4 (y; t)) as the Galois group does for the ordinary polynomial p(y). The simplest example of the above ODE for F (t) is given by the considering the Picard-Fuchs equation for the complete intersection of 4 quadrics in P 7 , which is given by (2.25) after factorizing θ 4 as θ 4 − 16(2θ − 1) 4 ω Γ = 0. To write the ODE for F (t) down, we first define the notations: We will defer the detailed proofs of the above results to our forth-coming papers.
